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QUESTION ONE (20 MARKS)

(a) If f(z) and g(z) ae analytic functions in a domain D and if f(z) = g(z) on a
subset S of D which has a limit point in D, show that f(z) = g(z) on the

whole of D. [5 marks]
(b) Show that the limit point of the set of poles of a function f(z) s a
non-isolated essential singularity. [5 marks]

(¢) If z = a is an essential singularity of a function f(z), show that for any
arbitrary number [, arbitrary € > 0, and arbitrary o > 0 there exists a point

z in the deleted neighbourhood 0 < |2 — a| < p for which | f(z) — | < €.
[10 marks|

QUESTION TWO (20 MARKS)

(a) Let 3 fu(z) be a series of functions defined on a closed set S and let (u,(2))
be a sequence of functions defined on S. Let

(i) un{z) — 0 uniformly on §
(ii) the sequence (S,(z)) of partial sums of the series ) fu(z) be uniformly

bounded
(iii) the series ) {un(2) — un41(2)} is uniformly and absolutely convergent
on S.
Show that the series 3 u,(z)fs(2) converges uniformly on S. [8 marks]
(b) Test for uniform convergence of the series {8 marks)
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(¢} Show that the series ), % is uniformly convergent in the closed domain
Rez = 1+ 48, where § > 0. [4 marks]

QUESTION THREE (20 MARKS)

(a) Show that the infinite product [T{1 + a,) is convergent, if the series
3. log(1 + a,) is convergent, the principle value of the logarithm being taken
in each case. Hence show that [](1 + a,) is convergent if the two series

Y aanand Y laaf?

are both convergent. (10 marks|



(b} Prove that (10 marks|
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represents an analytic function in the domain Rez > 2.

QUESTION FOUR (20 MARKS)

(a) Show that a meromorphic function whose singularity at infinity is at most

pole is necessarily a rational function. |5 marks]
(b) Let
=02,2,... [l)
be a sequence of complex numbers converging to infinity and let

1
A (2

be a sequence of polynomials in —-. Show that there exists a meromorphic
function f(z) whose poles coincide with the points (1) and whose principle
pirts at each pole 2, equals P, (-2 ) Hence show that if F(z) is a
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meromorphic function whose poles are given by (1) with residues P, ( )

S T
at each z,, then F(z) = g{z) + f(z), where g(z) is an entire function. -
[15 marks]

QUESTION FIVE (20 MARKS)

(a) Show that an entire function with no zeros can be expressed in the form
"=}, where h(z) is an integral function [8 marks]

{b) Let f(z) be an entire function with zeros
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of orders mg, my, ..., my, ... respectively. Show that there exists an integral
function h(z) with no zeros and a sequence of polynomials (P, (z)) such that

(12 marks] g
(2 =] [(1 - i) e""")] .




