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QUESTION ONE (20 MARKS)

(a) Let (X, || - |I) be a Banach space. Show that a family {z, : a € A} of
elements of X is summable if and only if for any real € > 0 there exists a
finite sat I, C A such that

Y <e

ael
whenever I is a finite subset of A such that 'NT, = @. {8 marks]

(b) Let (X, |- ) be a normed linear space and T € B(X). Show that the
sequence -
i

(h=n2)”"

converges in (R, d) and that |6 marks|

" 1_, i,
Jim 71 = inf {J77)% : n € N}.

{c) Let X be a normed linear space, Y a Banach space and S, T be linear
transformations from X to Y such that Dz 2 Dy (Dg is the domain of §,
etc.), If S is bounded and T is closed show that S+ 7" is closed. [ 6 marks|

QUESTION TWO (20 MARKS)

{(a) Let X be a Banach space and Y a n.ls. Let {T. : « € A} be a nonvoid
family of B(X,Y) such that

sup {7zl cx € A} <00
for all x € X. Show that {10 marks]
sup{||7T:|| : x € A} < o0,

(b) In & nls. X show that every weak Cauchy sequence is bounded. |5 marks]

(c) Let (7)) be a sequence of bounded linear transformations defined on a
Banach space X to a nls. Y and suppose that s-lim T,z exists at each
x € X. If we define a map T on X by

Te=s-lImThz

such that T € B(X,Y) and that ||T] < lim, , 7%l {5 marks]



QUESTION THREE (20 MARKS)

(2) State the open mapping theorem and use it to prove

(i) Banach's inverse theorem [3 marks|
(1) Closed graph theorem [5 marks]
(b) Let X be a linear space over i and || - ||y, || - §2 are two Banach space norms

for X. If there is a positive constant & such that
Kzl = ||z]|2 for all z € X,
show that the two norms are equivalent. [6 marks]

(¢) Let X be a Banach space and ¥ a n.ls. and T: Dy < Y be a closed linear
transformation, where Dy is a linear subspace of X which is not {0}, I T is
bounded from below, show that the range Rr of T is closed, [6 marks]

QUESTION FOUR (20 MARKS)

(a) Let M be a closed linear subspace of a Hilbert space H and let z € M. Let
d =inf{|ly — z|| : * € M}. Show that there exists a unique element g, € M

such that [lyp — z|| = d and that z — g L M. [10 marks)
(b) State and prove the Riesz representation theorem for a Hilbert space.
(10 marks]

QUESTION FIVE (20 MARKS)

(a) Let H, K be Hilbert spaces and T € B(K, H). Show that there exists a
unique 7 € B(K, H) such that

(Tz,y) = (z,T"y) for all (z,y) e H x K.

Also show that J7°|| = ||| and (T*)* =T (10 marks|
(b) H is an inner product space (ip.s) and E = {2, : @ € A} is an orthonormal
set of vectors in /. Show that [5 marks)

Z: [y, za)|* < ||lwlf? for all y € H.

(c) Let ¥ be a Hilbert space with an infinite orthonormal set F, Show that E
can never be a Hamel base for H. {5 marks]




