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Question One

(a)

(b}

(i) Calculate the de Broglie wavelength of a free particle of mass 2gm
and kinetic energy 100/. Express the answer in terms of the Planck
constant 4 (4 marks)
(i) The wave function of a two-state particle is obtained as a
superposition ¥=C (O, (F)+ G (tw,(F) where wilF) and y,(7) are
orthonormal state functions with respective time-dependent probability
amplitudes C,(r) and G,(r). Show that the state probability amplitudes
satisfy normalization condition

[ ef +lc,@f =1 (6 marks)

(i} Write down the Hermitian operators of Position vector 7, linear
momentum 5 and total energy £ of a particle (3 marks)
(if) Given the total €nergy conservation equation

]
E=§”-+V(F)

for a particle of mass m, linear momentum 7, potential energy V(7)
and total energy £ located at position 7 from the origin, apply quantum
Operator definitions to obtain the appropriate quantum mechanical
equation for the particle (5 marks)

(iii) Derive the Quantum commutation relation between the position
~3

coordinate operator 3 and kinetic energy operator ZL for a particle
mn

moving along the x-axis, where 7 is the linear momentum (4 marks)
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(c) Thewave function ofa free particle of mass 3gm moving along the x-axis
is obtained in the form

W
x)=—=(e"" te
v =7z )
where k is the wave number and x is displacement. Determine the

kinetic energy of tkne particle, if it is confined in the region
x=0-—x=2cm. (8 marks)

Question Two

The Hamiltonian of linear harmonic oscillator of mass ™ and angular
frequency wwith displacement: * and linear momentum palong the x-axis is

A=
-l A
expressed operator TOIT 11 W, Sy &

(a) (i) Given the Schroedirger equation ¥ =&v
where E is the totaal energy. Apply a factorization procedure to show

that
L |
=E——hw
E‘Vlzdx 2
where the operator- & and its Hermitian conjugate &' are to be
determined through t e factorization of the Hamiltonian. (9 marks)

(ii) Determine the gro wind state wave function of the oscillator (4 marks)

(b) Calculate the uncert-ainty In the measurement of the quadrature
component

TR TR
=—{a+a
a, 2( )
in the ground state. U seful integrals:

" xe " dx=0 ; ".‘xze""dxz—l—f. ; et g = | X
L L sodia L. @ (7marks)
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Question Three

Consider a particle of mass m moving in 2 one-dimensional field potential ¥(x)
governed by the Schroedinger equation

[
[-*2-;7&,— + V(x))v = Ky

(a) (i) Express the Schroedinger equation as an equation for a particle in a

scattering potential (3 marks)
(i) By using a factorization procedure, determine the scattering
amplitude (8 marks)

(b)  If the particle exits the scattering region as a plane wave with final wave
number k,, determine the scattering cross-section in a scattering

potential of the form

V(x)=e"™ coshx
Useful integral
aQ
e " cos fxdx w
I a +b (9 marks)

Question Four

(a) For a time-independent Hamiltonian H, the time-dependent Schroedinger
equation has solution

Y, F)me N y(F)

where the position-dependent wave function w(r) satisfies an eigenvalue
equation

Hy(F)= Ey

Determine the physical meaning of the constant quantity £ (5 marks)
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(b)(i) Obtain the general solution of the free particle Schroedinger
equation

dx* ( 9 marks)
(il) Normalize the wave function if the particle is confined within the
region xw=-a-»x=a, along the x-axis (iii) Show that the kinetic energy
of the particle is quantized (6 marks)

Question Five

(a)

Show that in a slowly varying potential ¥(x), the general solution of the
Schroedinger equation in the classically allowed region where the total
energy E is greater than the potential energy may be obtained in an

approximate form

EsV(x) 1 w)=———rcos(] JZmE-V(mdy+6)

(2m(E-V(x))3

where @'is a constant phase angle (14 marks)

(b) Explain the expected behavior of the wave function as the particle
approaches the boundary between the classically allowed region and the
classically forbidden region where the total energy is less than the potential
energy, E<V(x). (6 marks)
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