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Instructions: Answer question one and any other two questions.

QUESTION ONE. (30 MARKS)

a) 1) Define a measure space. (2 marks)

i) When is a measure space called complete? (3 marks)

b) State three necessary and sufficient conditions for a function f to be
measurable. (3 marks)

c) If{g,} is a sequence of measurable functions, prove that the functions
lim, sup g, and lim,inf g,  are measurable. (3 marks)

d) Let f: X — R be measurable and suppose that f > 0. When is the
function f not integrable? (4 marks)

e) Prove that the distribution function ¥ has the following properties:

) 0< Fr(x) < 1forallxe R (1 mark)



i)  Fr(x) <Fr(y) wherex<y (3 marks)
i) lim, e Fr(x) =0and lim,_, Fr(x) =1 (5
marks)
iv)  Ff is continuous from the right, that is, for each x € R, we have
Fr(x) = 1;}{51 Fr(x+ h) (5 marks)
f) What is a bounded sequence? (1 mark)

QUESTION TWO (20 MARKYS)

a) If u is a finite measure on X, prove that the following hold.

i)
i)

i)

Iv)

Vi)

u(p)=0 (3 marks)
If A, ..., Ane 2 withAin Aj=¢ fori # j, then
pAL+ A+ A = (Ag) + i (A + .+ (An) (2 marks)
If A, B € X with A € B, then u (A) < u (B)
marks)

IfALS A2CS ... withAne X, forn=1, 2, ..., then we have
t(A) Tp(Unpdp)asn- oo

marks)

IfA;2A,2... withAneXforn=1,2, ..., then we have
u(A) (N, A,)asn — o (4 marks)
Prove that 2! is a o — algebra.

marks)

QUESTION THREE (20 MARKYS)

a) If g; and g, are measurable functions on a common domain, then

prove that, each of the following sets is measurable. (10 marks)
i) {w: g1(w) < gz2(w)}
i) {w: g1(w) = g2(w)}
i) {w: g1(w) > g2(w)}
b) If {g,} is a sequence of measurable functions, prove that
Sup g, and infg,, are measurable. (10 marks)

n

n



QUESTION FOUR (20 MARKS)

Suppose that f, g are measurable and let E € Z. Then prove the following:

) Ifo<f<gthen[ fdu <[ gdu (3 marks)

i) IfAcCB forA BeX and f>0then [, fdu < [, fdu (2
marks)

i) If f>0andc > 0isaconstant, then [ cfdu =c [, fdu (3

marks)
iv) If f =0 forallxeE,then [, fdu=0 (3 marks)
v) Ifu(E)=0,then [ fdu=0foranyf >0. (2 marks)
vi) Iff>0,then [ fdu=/[ 1gdu (7 marks)

QUESTION FIVE (20 MARKS)

a) Forany a e R, prove that, the jump of 7, at a is equal to P (f = a).
(7 marks)

b) Prove that, the non-zero jumps of the distribution function F; form a

countable set. (5 marks)
c) Prove that, for any random variable f, there is a countable set J € R such

that P (f=x)=0forall xe R/J. (2 marks)
d) Construct a non-decreasing function F(x) on R, obeying

0 < F(x) < 1, by means of a certain limiting procedure.

0, x <0
Take F(x)=4x, 0<x <1
1, x =1

Construct :Fl (X), TZ (X), T3 (X)
Explain the shapes. (6 marks)



