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JOMO KENYATTA UNIVERSITY OF AGRICULTURE AND TECHNOLOGY

UNIVERSITY EXAMINATIONS 2016/2017

EXAMINATION FOR THE  DEGREE OF MASTER OF SCIENCE IN PURE MATHEMATICS 

SMA 3102: FUNCTIONAL ANALYSIS I

DATE:  JUNE, 2017	                              			                     TIME: 3 HOURS   

INSTRUCTIONS: 	 ANSWER QUESTION ONE (COMPULSORY) AND ANY
 	 OTHER TWO QUESTIONS

QUESTION ONE: 30 MARKS




a.	Let V {} be a finite dimensional linear space of dimension  over the field .  Show that V is isomorphic to the linear space .	(4 marks)


b.	Let X be a normed space over the field .



	Let {n} and { n} be sequences in X with 
	


	n = , and  respectively and




Let {} be a sequence in with         = 

Show that:

	i.	


ii.	
												(6 marks)












c.	Show that the linear functional on a Banach space  defined by




	


is bounded with || || =1
										(6 marks)

d.	Show that if Y is a complete subspace of a normed space X then Y is closed.
											(6 marks)




e.	Show that the norm  and  are equivalent norms on .
											(3 marks)

f.	Use a counter – example to show that the space   , equipped with the norm given by


	, 
		 				

	is not a Banach space unless 					(5 marks)

QUESTION TWO: 20 MARKS


a.	Let X and Y be normed spaces over the field.  Show that a linear operator 


T:  is closed if and only if for every sequence with
, and , we have 


										(10 marks)	



b.	Let X	, and Y be normed spaces over the field , and a linear   
          operator.

	i.	Define the meaning of T to be bounded on X.

	ii.	Show the T is continuous iff T is bounded			(10 marks)	
											
												




QUESTION THREE: 20 MARKS

a.	Show that if  Y is a closed subspace of a Banach space X then Y is 
         complete.
											(6 marks)


b.	Show that the space equipped with the norm


	
Is a Banach space

[Note: prove only the completeness part]
										(14 marks)
QUESTION FOUR: 20 MARKS


a.	Define an operator T: C[0,1]  C[0,1]
	by
	(T


Let a function k:[0,1] x [0,1]	be continuous and further let the space C[0,1] be equipped with the supremum norm

Show that T is

i.	Linear, and

ii.	bounded
											(8 marks)




b.	i.	Let (X,T), (Y,) be topological spaces, define the meaning of a mapping 	:  to be an open mapping.
											(2 marks)	


	ii.	Let be equipped with the usual topology.  Define the mapping 


                   by .    Use an example to show that f is not  
                   open. 		                                                                   (2 marks)

c.	State and prove the open mapping theorem (state any results used in the
 proof)									(8 marks)
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