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TIME: 2 HOURS
INSTRUCTIONS:   
ANSWER QUESTION ONE AND ANY OTHER TWO QUESTIONS 
Question One (30 Marks)
a)
Let R1, R2, ��, Rn be a finite collection of rings.  Explain what is meant by:
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is an external direct sum of R1, R2, ……., Rn.  Show that R is a ring.








(10 Marks)
b)
Suppose Ø : R →S is a ring homomorphism, R, S are rings:


(6 Marks)


Prove that:  
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c)
Let R be a non-commutative ring.  Explain the meaning of the statement:


�M is a left R � module�.


What is the distinction between an R � module and a K � vector space?
(4 Marks)

d)
Suppose M is a left R – module.  Show that 
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is a submodule of M given that L1, L2, ���, Ln are left R � submodules of M.



(10 Marks)

Question Two (20 Marks) 
Let 
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denote the four elements 
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 and 
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 (respectively) of the set of 2 x 2 matrices with complex entries, M2 (C)  and V the set of all elements of MC (C) of the form 
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with a, b, c, d ε IR
a)
Show that a general element of V has the form 
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(4 Marks)

b)
Verify that 
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 and that 
[image: image12.wmf],

~

~

~

~

~

k

i

j

j

i

=

-

=


[image: image13.wmf];

~

~

~

~

~

j

k

i

k

j

-

=

=

and 
[image: image14.wmf]~

~

~

~

~

j

k

i

i

k

=

-

=










(8 Marks)

c)
Prove that any non-zero matrix in V is a non-singular ^ and that the inverse belongs to V.









(8 Marks)

Question Three (20 Marks) 
a)
For a non-commutative ring R with ideals J1, J2, ��., Jn.


(4 Marks)

b)
Let M and N be left R � modules and 
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q

M →N a mapping from M to N.

(i) Define a left R – module homorphism 
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q

M → N


(2 Marks)

(ii) Show that the zero map is an R – module homomorphism and that the identity map on M is an R – module automorphism.



(6 Marks)

c)
For left R – modules M and N and the R � module homomorphism
[image: image17.wmf]q

 from M to N,
(i) Define ker 
[image: image18.wmf]q

 and is show that ker 
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 is a left R � module.

(4 Marks)

(ii) Show that ker 
[image: image20.wmf]q

 = 0 if and only if 
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 is 1 � 1.


(4 Marks)

Question Four (20 Marks)
Let F be a 4 � dimensional Q � module with basis 
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and let 
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be the linear transformation of F whose matrix with respect to:

V is 
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a)
Find a basis 
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of F such that 
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 is the rational canonical matrix of 
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(15 Marks)
b)
Find a 4 x 4 invertible matrix T over Q such that T-1A T is the rational canonical form of A.









(5 Marks)
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